Abstract. We study in this paper several properties concerning singularities of foliations in (C 3 , 0) that are pull-back of dicritical foliations in (C 2 , 0). Particularly, we will investigate the existence of first integrals (holomorphic and meromorphic) and the dicriticalness of such a foliation. In the study of meromorphic first integrals we follow the same method used by R. Meziani and P. Sad in dimension two. While the foliations we study are pull-back of foliations in (C 2 , 0), the adaptations are not straightforward.
Introduction
In the paper [FM] , first and second authors studied the analytic classification of a generic class of quasi-ordinary singularities of codimension one, holomorphic foliations in dimension three. More precisely, we considered foliations F that can be generated by a holomorphic 1-form
where p, q ∈ N\{0}, d = gcd(p, q), p = dp , q = dq , U (t) ∈ C{t}, U (0) = 1, α ∈ C * . In that paper, we focused in foliations of generalized surface type, condition that implies certain relations between k and d. We supposed that one of the two following conditions is satisfied:
(i) Either 2k > d, (ii) Or 2k = d and a certain arithmetical condition on α is satisfied. The classifying object turns out to be the projective holonomy of a certain component of the exceptional divisor that appears in a particular reduction of the singularities, that follows the idea of Jung's method [G, Co] . This reproduces the scheme established in dimension two by D. Cerveau and R. Moussu [CeM] , and R. Meziani [Me] .
We are now interested in the dicritical case, and the problem of knowing if such a foliation has a meromorphic first integral. As we will see, in this situation we must have that d = 2k. Under this last condition, several possibilities may appear. For generic values of α the analytic classification of such foliations is essentially the same that in the case d < 2k, in the sense that projective holonomy classifies. We will suppose that we are in a non-generic case, and that the foliation is dicritical. The objective of the paper is to study the existence, in this case, of first integrals, both of holomorphic or meromorphic type, and the dicriticalness of such a foliation. In particular, in order to investigate the existence of meromorphic first integrals we will follow the ideas developed in dimension two by R. Meziani and P. Sad in [MeSa] . Let us observe that the case we are studying is a pull-back of a twodimensional foliation. More precisely, consider the map
Then,
It is tempting to try to use this map in order to transfer the properties of F k,α,U (foliation in (C 2 , 0) generated by ω k,α,U = d(z 2 + t 2k ) + t k αU (t)dz) to properties of F. In fact, if there is a meromorphic first integral F (t, z) for F k,α,U it is clear that Ω = ρ * F k,α,U has ρ * F = F • ρ as meromorphic first integral. But in general it is not true that the existence of a first integral for a pull-back implies that the original foliation has also a first integral. Consider, e.g., any foliation generated by a 1-form ω in (C 2 , 0) , and the restriction of its reduction of singularities to a small neighbourhood of a regular point. This restriction has always a first integral, while the original foliation may not. For the same reason, it is not straightforward that, if a foliation is dicritical, a pull-back of the foliation is also dicritical. The same example applies. Nevertheless, in the case under consideration, the condition for the dicriticalness and for the existence of a meromorphic first integral is essentially the same as in dimension two. We will explore carefully this approach in this paper.
Let us briefly recall the criteria for the existence of a meromorphic first integral for nilpotent foliations in (C 2 , 0) . First of all, we have to remind that there is not a topological characterization, as Suzuki example shows (see [CeMa] ). In our case, consider a foliation generated by
such that, after p blow-ups, we arrive at a situation as described in [MeSa] : there are two singularities, not corners, in the last component D p of the divisor, call them m i , m −i , such that m i is imposed to be linearizable and dicritical, and m −i simple resonant. Take a transversal Σ on D p , where the holonomy of D p is computed. According to [MeSa] , the existence of a meromorphic first integral for ω is equivalent to the existence of a rational function r(T ) on the transversal Σ invariant by the holonomy group of D p . Besides this, Camacho [Ca] characterizes in full generality the existence of a meromorphic first integral in terms of the singular holonomy of the foliation. Let us briefly recall this notion and make the link between both approaches, for the sake of completeness. The result shown by Camacho is the following one:
Theorem [Ca] . The foliation F admits a meromorphic first integral if and only if:
(i) The singular holonomy of the nondicritical branches is finite.
(ii) For each dicritical component D i of the resolution of F, there is a meromorphic function f i : D i → C such that it is invariant by the singular holonomy of the nondicritical branches intersecting D i . (iii) Given any two dicritical components D i and D j , and a branch B ij between them, i.e.,
in the sense that they take the same values ove the same leaves L near B ij . Consider a corner of the divisor obtained after reduction of singularities, where the foliation is resonant linearizable, locally defined by ω pq = pydx + qxdy, (p, q) = 1, and where D i is the component x = 0, and D j is y = 0. The holonomy h i of D i at this singularity is h i (t) = e −2πip/q t, and analogously, h j (t) = e −2πiq/p t turns out to be the holonomy map of D j . Dulac's map is, in these coordinates, a map
, and (t, 1), (1, D(t)) are on the same leaf. So, we have
q and then D(t) = t p/q .
Define the adjunction map by
The singular holonomy group is the maximal subgroup obtained by iteration of the adjunction process made at the corners of a branch. In our case, as e −2πip/q is a primitive q-root of unity, ξ = (e −2πip/q ) m , and so, h Consider now the situation studied by [MeSa] . After reduction of singularities, removing the only dicritical component, there are two chains of divisors and all the corners are resonant linearizable. Take a transversal Σ on D p , the component where the separatrix lies. Iterating the above construction, we have that the singular holonomy group agrees with the usual one of D p . In particular, it is finite. If P ∈ Σ, the leaf through P cuts the dicritical component D. Assume that there exists a rational function f on D, invariant by the singular holonomy, as in (ii) of the Theorem above. The previous construction defines a value r(P ) on P ∈ Σ, and so, a rational function r(T ) such that r • h = r, for h an element of the holonomy group of D p . This is the condition of [MeSa] .
Conversely, if such a r(T ) exists, by previous considerations, r • h = r for every h in the singular holonomy group, and a rational function on D can be defined. These considerations relate the conditions stated by Camacho and the ones by Meziani and Sad for the existence of a meromorphic first integral. We will try to reproduce the last one in our three dimensional, quasi-ordinary case.
The plan of the paper is as follows. In Section 2, following [CC, C] we will recall the main notions concerning pre-simple singularities of foliations in dimension three, focusing in the existence of a meromorphic first integral. In Sections 3 and 4 we will investigate the existence of holomorphic and meromorphic first integrals, respectively, for our three-dimensional foliations, relating the existence of these objects with the existence of the corresponding objects in dimension two. Finally, in Section 5 we will study the dicriticalness of such a foliation.
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Remarks on pre-simple singularities
In this section we will recall the notion of pre-simple and simple singularities of holomorphic foliations, as defined in [CC] and [C] . We will establish some results concerning their rigidity and the existence of meromorphic first integrals.
Let F be a germ of holomorphic foliation in (C n , 0), generated by an integrable 1-form ω, adapted to a normal crossings divisor E. Choosing a coordinate system such that E is written as i∈A
. . , a n ) = 1.
The component x i = 0 of the divisor will be invariant by
the set of indexes corresponding to non-dicritical components.
The dimensional type of F, denoted τ , is the minimum number of coordinates needed to write a generator of F. Equivalently, it is the codimension of the vector space
(where X (C n , 0) denotes the space of germs of holomorphic vector fields at the origin in (C 2 , 0)), according to the rectification theorem for regular vector fields. The adapted order of F at the origin is defined as
where ν(a i ) denotes the (usual) order of a i as formal power series. The adapted multiplicity of F at 0 is
The resonance invariant of (F, E), Rs(F, E) is:
and F is radially dicritical, i.e., the new component of the exceptional divisor that appears after blowing-up the origin is dicritical.
• Rs(F, E) = 2 if ν(F, E) = µ(F, E), Rs(F, E) = 1 and, in some local coordinates, there is a map Φ :
• Rs(F, E) = 0 in other case.
Definition 1. The singularity at the origin is pre-simple for (F, E) if E is nondicritical and one of the following holds: 1. Either ν(F, E) = 0. 2. Or ν(F, E) = µ(F, E) = 1, Rs(F, E) = 0, and the directrix, i.e., the vector space defined by {In 1 (a i ) = 0; i ∈ A} (where In 1 denotes the first order terms) has codimension one and normal crossings with E.
According to [C, Prop. 46] , there are formal coordinates (x 1 , x 2 , . . . , x n ) such that, any pre-simple singularity of dimensional type τ is given by one of the following formal meromorphic types:
, where p i are natural numbers, p 1 = 0, ψ(0) = 0, α i = 0 for i = k + 1, . . . , τ . This will be called the resonant case.
This is the Dulac case.
We will focus here in the three dimensional case: singularities of holomorphic foliations are of dimensional type τ = 2 or 3. According to the previous classification, pre-simple singularities are:
1. If τ = 2, pre-simple is equivalent to the non-nilpotence of the linear part of the dual vector field. 2. If τ = 3, they correspond to one of the formal meromorphic models A, B or C, as above.
According to [CC, C] , any germ of foliation in dimension three can be transformed into another one having only pre-simple singularities, using an appropriate sequence of blow-ups with permissible centers. If the foliation has a meromorphic first integral, all the pre-simple singularities that appear after this process must also have meromorphic first integral, and as a consequence, the leaves of the foliation must be closed. This fact imposes some restrictions that we will explore here.
Case A: Consider a pre-simple singularity, formally equivalent to 3 . According to [CeMa, Cor. 1.2., pg. 115] it is semi-divergent and consequently the singularity has three convergent separatrices, tangent to x i = 0. Consequently, in appropriate analytic coordinates the foliation is defined by
with b i (0) = 0. Consider the separatrix x 1 = 0. Its holonomy group is generated by two diffeomorphisms h 2 (x 1 ), h 3 (x 1 ), such that
If the leaves of the foliation are closed, the holonomy is periodical, i.e.,
So, it is linearizable and then, the foliation also is, i.e. a generator is
with (p 1 , p 2 , p 3 ) ∈ (Z \ {0}) 3 . So, existence of a meromorphic first integral for a pre-simple singularity of type A, and dimensional type τ = 3 implies linearizability.
Case B: If k = 2, the foliation is a saddle-node. Indeed, assume p 3 = 0, and take a transversal section x 1 = ε, for ε = 0 small enough. The resulting two-dimensional foliation is
2 )dx 3 , which is a saddle-node. Consequently, the leaves are not closed, and a meromorphic first integral cannot exist.
If k = 1, and the residual spectrum of the singularity [C, Rem. 20 ] is resonant, i.e., α 2 /α 3 ∈ Q <0 , after blowing-up the x-axis a certain number of times we arrive to a saddle-node again. If this residual spectrum is non resonant, or k = 3, the singularity is simple. In this case, the holonomy group of x 1 = 0 has been computed in [CeMo, Section 4] . Under the assumption that the leaves are closed, this group turns out to be linearizable, and the foliation has a holomorphic first integral such that, in appropriate coordinates can be written as
3 , so, in fact, it is of the previous type A. Case C: An analytic generator of the foliation is
Consider the following commuting vector fields, tangent to ω:
Take b > 0 and define X b = X + bY . The linear part of X b is
The triple (q 1 , q 2 , q 3 ) ∈ N 3 is a resonance for X b if
Assume b / ∈ Q. The previous equality means that
and so, q 1 ∈ {0, 1}. If q 1 + q 2 + q 3 ≥ 2, (q 1 , q 2 , q 3 ) = (0, p 2 , p 3 ), and by Poincaré normalization theorem, X b is analytically equivalent to
Consider b = b, b / ∈ Q, and construct analogously A b . The 1-form
is a generator of the foliation and implies that the normal form in this case is, in fact, convergent. x 2 = 0, x 3 = 0 are separatrices. The holonomy generators h 1 (x 3 ), h 2 (x 3 ) of x 3 = 0 verify
The leaves being closed, α 3 = 0. This implies that
We also have that
, and so,
So, h 1 (x 3 ) = ηx 3 + * · x p3 3 + · · · , with η p3 = 1. Periodicity of h 1 implies that α 2 = 0. This forbids singularities of type C with (α 2 , α 3 ) = (0, 0) to have a meromorphic first integral.
Holomorphic first integrals
Let us study the problem of the existence of holomorphic first integrals. According to [MM] , a singular holomorphic foliation has a first integral if and only if all the leaves are closed and only a finite number of them contain the singularity in their closure. So, it is a property of topological nature.
Let us consider a nilpotent singularity on (C m+1 , 0), i.e., a singularity of foliation of the type zdz + · · · . Under a coordinate change, using Loray's Preparation Theorem [L] , this foliation can be generated by a 1-form
so, Ω = Φ * ω n,p,α,U , where
It is clear that, if h(t, z) is a holomorphic first integral for ω n,p,α,U , h • Φ is a holomorphic first integral for Ω. Let us show the converse in this case. The map Φ is a surjective submersion on (C m+1 , 0) \ S, where
Proof. L \ S is closed on (C m+1 , 0) \ S , and Φ(C m+1 \ S ) = C * × C (at least as a germ around the origin, we won't precise the neighbourhood in which this equality is valid). By [CLN, Thm. 3 
Consider a trivializing chart U for the foliation defined by ω n,p,α,U around P ∈ F , where the foliation is defined by the levels of a submersion g : U → C. For every point (t 0 , z 0 ) ∈ U , the inverse image by Φ is the variety f (x) = t 0 , z = z 0 . This variety has a finite number of connected components, so, reducing U if necessary, Φ −1 (U ) consists in a finite number of connected trivializing sets. The leaf L \ S being closed, in each of these open sets there are a finite number of plaques of L\S , so F has a finite number of components in U and then, it is closed. As L) . This leaf cuts the axis t = 0 transversally outside z = 0. As L is closed, the "vertical" axis z cuts transversally L in a discrete number of points, so F does also. Then F is closed outside the origin. Apply finally Remmert-Stein Theorem in order to extend F up to the origin, concluding that Φ(L) is closed.
Consequently, if Ω has a holomorphic first integral, as Φ is surjective, the leaves of the foliation generated by ω n,p,α,U are closed. If there exists infinitely many separatrices, their inverse images would be separatrices of Ω containg the analytic set Φ −1 (0), which contradicts the fact that Ω has a holomorphic first integral. When a singular holomorphic foliation has a first integral, [MM] allows to conclude the following result:
Theorem 3. The holomorphic foliation F Ω f,n,p,α,U in (C m+1 , 0) has a holomorphic first integral if and only if F ω n,p,α,U has a holomorphic first integral.
In [CeM] , criteria are given for the existence of a holomorphic first integral in terms of the projective holonomy. The generators of this group must be of finite order, and also the group, which implies its abelianity. Combining these criteria with the results in [Me] , we have:
Corollary 4. A nilpotent singular foliation F Ω defined by Ω = Ω f,n,p,α,U = 0 has a holomorphic first integral if and only if one of the following conditions occurs: 1. n < 2p, the projective holonomy of F ω n,p,α,U is abelian, and its generators have finite order.
2. n = 2p, α 2 = (16 + r) 2 16 + 2r , ∀ r ∈ Q ≥0 , and also the projective holonomy of F ω n,p,α,U is abelian, and its generators have finite order.
Note that the conditions on n, p are necessary to guarantee that no dicritical components and no saddle-nodes appear in the reduction of singularities of F ω n,p,α,U .
Let us mention that in [M] , an example of a nilpotent foliation without a holomorphic first integral is presented. The projective holonomy of the foliation defined by the 1-form ω = d(y 2 + x 3 ) + x(2xdt − 3ydx) has two generators h 1 , h 2 , with h 2 1 = h 3 2 = id but they don't commute, so the projective holonomy is not finite.
Meromorphic first integrals in the quasi-ordinary case
Let us focus now in cuspidal, quasi-ordinary singularities of holomorphic foliations in dimension three. A generator in appropriate coordinates is
where α ∈ C * , (p, q) = 1, U (t) ∈ C{t}, U (0) = 1 [FM, FMN] . In this section we are interested in the existence of pure meromorphic first integrals (i.e., non holomorphic, as defined in [CeMa] ). The following result restricts the values of n and k that we have to study:
Proposition 5. If a quasi-ordinary singularity of foliation, generated by a 1-form
has a pure meromorphic first integral, then k = 2n.
Proof. If 2n > k, it is a generalized surface. If 2n < k, blow-up pn times the y-axis, and qn times the x-axis. The equations of this transform are, in the main chart, z = tx pn y qn . The strict transform of ω is
The origin turns out to be a simple singularity of type B, resonant, and there is another singularity corresponding to the point t = − α 2 . This singularity is a saddle-node, so, the foliation cannot have a first integral.
Consequently, 2n = k.
From now on, we will assume that k = 2n. After blowing up qn times the x-axis, and pn times the y-axis, the resulting foliation turns out to be, after eliminating common factors, Ω = (2z 2 + αzU + 2)(pnydx + qnxdy) + xy(2z + αU )dz.
The only singular points away from the intersections of the components of the exceptional divisor are those defined by (x = 0, 2z 2 + αz + 2 = 0). Assume that α = ±4, so this equation has two different solutions α 1 , α 2 . Consider the point corresponding z = α 1 . After a coordinate change z − α 1 =z, this point P 1 is the origin, and in the new coordinates the 1-form that generates the foliation is ω = 2z(z + α 1 − α 2 ) + α(z + α 1 )Ũ (pnydx + qnxdy) + xy(2z − 2α 2 + αŨ )dz, where U = 1 +Ũ . The terms of lower order of Ω are, in these coordinates,
Similarly, in the coordinates centered around the point P 2 corresponding to z = α 2 , the lower order terms are
In the paper [FM] , the authors studied the generic case where
for every r ∈ Q ≥0 , where the singularities are already reduced. We are now interested in the complementary case
for some r ∈ Q >0 . In this case, one of the numbers α2 α2−α1 , α1 α1−α2 is a negative rational, and the other one, a positive rational, this last point being already reduced. Assume α2 α2−α1 ∈ Q <0 , and then, P 2 is simple resonant. The singularity at P 1 may fall in one of the following two cases:
1. Either it is linearizable, and then, it is dicritical. 2. Or it is of Dulac type.
In the second case, as we have seen in Section 2, the foliation cannot have a meromorphic first integral. So, we will suppose in the sequel that we are in the first case, and then, the foliation is dicritical. Locally in a neighbourhood of P 1 , the foliation is defined by
where s ∈ Q >0 . In order to linearize Ω around P 1 , let us consider the following vector fields:
They are commuting and, in the considered case,
∈ Q <0 . The linearization is obtained after an analytic transformation in thez variable:z =z(x, y, z), and then, a separatrixz = 0, that perhaps is not the only smooth separatrix corresponding to this point. If this is the case, we choose one of the separatrices. Anyway, there is an infinite number of separatrices through this point, defined by the equation
where s = s1 s2 . Assume that a meromorphic first integral exists, F (x, y, z). In the coordinates around P 1 , it isF (x, y,z). Let us follow the same scheme of [MeSa] : take a transversal Σ to the component of the divisor defined by y = 0, i.e., the special component in the notation of [FM] . For simplicity, assume that Σ ≡ (x = z = 1).f (t) =F (1, t, 1) is the restriction ofF to Σ, defined for small |t|. If t ∈ C is small enough, the leaf through (1, t, 1) is
and so, it approaches any neighbourhood of the origin. Defining
f (t) can be extended to a function onC, necessarily rational. Let h 0 , h 1 be the generators of the holonomy of this component, calculated in the transversal Σ. The fact thatf (t) is the restriction of a meromorphic first integral implies that
, any element h(t) of the holonomy group of the special component is fixed by the rational function f (t). Conversely, assume that a rational function f (t) exists on a transversal Σ ∼ =C, invariant by the holonomy. Every leaf cuts Σ so, following the leaves a first integral may be defined in a neighbourhood of this special component of the exceptional divisor. The other singularities, by [MM] , have holomorphic first integrals, so this meromorphic first integral extends to a neighbourhood of the origin, and defines a meromorphic first integral for the foliation. So, we have proved:
Theorem 6. A meromorphic first integral exists for the quasi-ordinary cuspidal foliation generated by Ω = d(z 2 + (x p y q ) k ) + α(x p y q ) n U (x p y q )dz if and only if k = 2n and a rational function exists invariant by the projective holonomy of the special component of the divisor that appears after reduction of the singularities as in [FM] .
Dicriticalness
Finally, we shall investigate the relation about the dicriticalness of a nilpotent foliation in (C 2 , 0) with the dicriticalness of its pull-back via a map Φ : (C 3 , 0) −→ (C 2 , 0) (x, y, z) −→ (f (x, y), z).
So, we will consider cuspidal, nilpotent singularities generated by a 1-form
where U (t) is a unit, U (0) = 1. For, let us recall, following [C] , that a germ of singular holomorphic foliation F in (C n , 0), generated by a 1-form ω, is dicritical if there exists an analytic map ϕ : (C 2 , 0) → (C n , 0), not invariant by F (i.e., ϕ * ω = 0), such that ϕ * F is the foliation (dx = 0), and ϕ(y = 0) is invariant by F.
With this characterization, if Ω defines a dicritical foliation on (C 3 , 0), also ω n,p,α,U defines a dicritical foliation in (C 2 , 0) . Indeed, if ϕ : (C 2 , 0) → (C 3 , 0) exists, in the conditions of the previous characterization, and Φ•ϕ = ρ, ρ * ω n,p,α,U = ϕ * Φ * ω n,p,α,U = ϕ * Ω = 0, ρ * ω n,p,α,U ≡ (dx = 0), and ρ(y = 0) = Φ(ϕ(y = 0)) is invariant.
It is not true, in general, that given a map (C n , 0) Φ −→ (C m , 0), if ω defines a dicritical foliation in (C m , 0) , then Φ * ω also defines a dicritical foliation on (C n , 0). In particular, if m = 2, dicritical foliations are exactly foliations with an infinite number of separatrices, but in higher dimensions, it is not even true that they have a separatrix [J] . So, for a general map Φ, it is not always possible to study the σ 1 (t, z) = t n1 S 1 (t p1 , z q1 ) n1/p1 , σ 2 (t, z) = z m1 , σ 3 (t, z) = t pn1p1 S 1 (t p1 , z q1 ) pn1 z pm1q1 (t n2p1 S 1 (t p1 , z q1 ) n2 z m2q1 + α 1 ).
So, the foliation Φ * ω n,p,α is also dicritical.
